We are proposing a parametric model to rate insurance for vehicles belonging to a fleet. The tables of premiums presented take into account past vehicle accidents, observable characteristics of the vehicles and fleets, and violations of the road-safety code committed by drivers and carriers. The premiums are also adjusted according to accidents accumulated by the fleets over time. The model proposed accounts directly for explicit changes in the various components of the probability of accidents. It represents an extension of bonus-malus-type automobile insurance models for individual premiums (Lemaire, 1985; Vanasse, 1989 and 1992; Pinquet, 1997 and 1998; Frangos and Vrontos, 2001; Purcaru and Denuit, 2003) . The extension adds a fleet effect to the vehicle effect so as to account for the impact that the unobservable characteristics or actions of carriers can have on truck accident rates. This form of rating makes it possible to visualize what impact the behaviors of owners and drivers can have on the predicted rate of accidents and, consequently, on premiums.
INTRODUCTION
Very few studies have analyzed systematically the risks of accidents for vehicle fleets. MarieJeanne (1994) developed a rating model based on the size of the fleet and Teugels and Sundt (1991) proposed rating based on the aggregated loss of the fleet. Other researchers have confined themselves to studying the drivers of vehicles to obtain a portrait of the risks posed by a carrier . This amounts to forgetting that firms' owners or management can also affect the accident rates of their vehicles. Decisions regarding driving hours, spending on vehicle maintenance, and guidelines for loading or securing cargo in vehicles can have repercussions on road safety. Pinquet (1999 and developed bonus-malus models that use a semi-parametric approach to take into account the behaviors of both the drivers and owners of vehicles. In this article, we propose a parametric model.
Measuring the risks associated with fleets of vehicles is difficult for a number of reasons. For one, the units composing the fleets must be defined. Should we do this by observing drivers or vehicles? We answered that question by opting for vehicles: For, with information readily available from insurers, the link between vehicles and carriers can be made continuously. Linking information on drivers to carriers is, in contrast, very costly, since the movements of drivers from one fleet to another are not systematically recorded, whereas licensing and insurance contracting keep track of vehicles as they move among fleets. The vehicles are taken to represent different individual risks. These risks are influenced by the observable and unobservable characteristics of the vehicles, the drivers using them, and the carriers who own or lease them. It is thus essential to use care in modeling these different sources of information.
Another difficulty is weighting the information obtained on individuals and fleets for rating
purposes. An adequate model for rating the risks of fleets must integrate the behaviors of drivers with those of owners so as to introduce incentives for safety tailored to the various levels of decisions to be made when facing hierarchical moral hazard Savage, 1994, 1996; Fluet, 1999; Winter, 2000) .
We are proposing a new rating model for vehicles belonging to a fleet. The model is a parametric one which can account directly for both observable and unobservable characteristics of the vehicles, drivers, and owners associated with a particular vehicle fleet. The model proposed is a direct extension of bonus-malus-type automobile insurance models (Lemaire 1985 (Lemaire , 1995 Vanasse 1989 and 1992; Pinquet 1997 Pinquet , 1998 Frangos and Vrontos 2001; Purcaru and Denuit 2003) to individual premiums (see Pinquet, 2000 , for a review of the literature). The extension adds a random fleet effect to the vehicle effect in the model, in order to take into account the unobservable effects of carriers, vehicles, and their drivers on truck accident rates in the Bayesian or a posteriori calculation of premiums. Observable variables characterizing vehicles, fleets, and the road-safety behavior of both drivers and carriers are used in evaluating the a priori risks of different vehicles.
In the following section, we present statistical models for estimating accident probabilities for vehicles belonging to fleets of various sizes. Section 3 develops the optimal bonus-malus system integrating both fleet and vehicle effects. Section 4 proposes different premium tables, while section 5 discusses possible extensions of the model.
STATISTICAL MODELS
Our methodology is divided into two steps. In the first step, we use an econometric model to evaluate the accident probabilities for the vehicles of carriers. As a priori information, we shall use estimated parameters to calculate insurance premiums. These parameters take into account the information available on the observable characteristics of vehicles and fleets as well as on traffic violations by drivers and carriers. In order to take unobservable characteristics and actions into account for purposes of rating, we shall use the residuals of the econometric estimations.
One of the article's contributions consists in proposing a new model for estimating accident probabilities, a model capable of explicitly isolating the fleet effect from the vehicle effect. In a second step, we propose a bonus-malus system which can use both the a priori information obtained from the estimated parameters and the a posteriori information obtained from residuals of the estimations of vehicle accident distributions. In order to show what contribution the different effects make to insurance premiums, we shall distinguish between one-vehicle and twovehicle carriers and then generalize the model to carriers with more than two vehicles.
ECONOMETRIC MODEL FOR ESTIMATING DISTRIBUTIONS OF VEHICLE ACCIDENTS
Most econometric models applied to discrete (or countable) variables are based on the Poisson distribution, where probability P that a vehicle i belonging to fleet f will be involved in accidents at period j can be represented by the following expression: With the Poisson law, we obtain that the mathematical expectation of the number of accidents (E) is equal to the variance (Var), where is the number of accidents for truck i belonging to fleet f at period j and is the parameter of the Poisson distribution. This modeling implicitly supposes that the distribution of accidents can be entirely explained by observable heterogeneity, which cancels any need for a bonus-malus system. that is, the unobservable risk attributable to the fleet; whereas parameter is the random effect of truck i in fleet f. We suppose that where is the total number of vehicles in fleet f.
In other terms, is the proportion of the risk for fleet f which can be attributed to vehicle i; the total unobservable risk for vehicle i of fleet f is defined by . It should be noted that when by definition. This means that the risk attributable to vehicle corresponds to that of the fleet, from which it follows that
We make the hypothesis that will follow a Dirichlet parametric distribution with parameters
, , , ν ν ν ) and that will follow a gamma distribution with parameters ( ) . This parametization permits to obtain a mean fleet effect that increases with the number of vehicles in the fleet. 
Size-1 carrier
For period j, the distribution of the number of accidents for a fleet with one vehicle is given by:
, which, assuming that follows a gamma distribution , can be rewritten as follows:
This distribution has been used fairly often in the literature (Lemaire, 1985; Dionne and Vanasse, 1989; Hausman et al., 1984; Gouriéroux, 1999) . It is capable of modeling unobservable heterogeneity and of introducing a bonus-malus system for individual observations. On the other hand, it is not directly applicable when estimating the probability of accidents for vehicles belonging to a fleet, as it cannot isolate the fleet effect from the vehicle effect. We now present our generalization of this basic model, starting with the simple case of a fleet composed of two vehicles.
Carrier with 2 vehicles
The joint probability of the number of accidents at period j for the two vehicles in fleet f is given by:
By integrating (2) and substituting the value of in , we obtain:
In order to estimate the probabilities of accident with a parametric approach, we must now make the distribution of more explicit. As indicated above, we suppose that the vehicle effect will f θ follow a Dirichlet distribution. By replacing the density function in equation (3) with the density of a parametric Dirichlet ( ) f1 f 2
To obtain a value of the joint probability in (4), we must compute the integral:
To do so, let's write the expression ( )
γ + −θ γ of the denominator as follows:
which permits us to rewrite the integral in (4): 
F is a hypergeometric function whose value is equal to:
The distribution of the number of accidents observed at period j for the two vehicles in fleet f is now given by:
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We now generalizes the model to a fleet of vehicles. f I
Carrier with more than 2 vehicles
The joint distribution of the number of accidents at period j for the vehicles in fleet f is given by:
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Once again, we must estimate the multidimensional integral:
of equation (8) They are discussed in detail in Angers et al. (2004) . Here we summarize the main results.
1. The first possibility, which greatly simplifies the calculations, is to suppose that all the (8) can thus be approximated by:
we can rewrite (9) and substitute the new expression in equation (7) to obtain an approximation for the distribution of the number of accidents at period j of the vehicles in fleet f:
where is a hypergeometric function as defined in section 2.1.2. This procedure in estimating the integral can be generalized to several homogeneous groups, but it is not obvious that the precision gained would be greater than that corresponding to a Monte
Carlo approximation of the multivariate integral of equation (8). 
ECONOMETRIC ESTIMATIONS

Descriptive statistics
The data come from the files of the Société d'assurance automobiles du Québec (henceforth referred to as the SAAQ), dating from 1997 to 1998 (for a detailed description of the data base see Pinquet, 1999, 2001) . We had access to data on the two years from 43,679 carriers of merchandise by truck. More than two thirds of the carriers have only one vehicle. At 31 December 1997 and 31 December 1998, these small carriers owned about 30% of the 103,848 heavy trucks with authorization to circulate at least one day, so the econometric estimation was made with 73,328 trucks from 13,159 carriers. We use the 1998 data for information on accidents and characteristics of vehicles and fleets and the 1997 data for traffic violations, so as to respect the SAAQ's rating policy. Moreover, this approach reduces the problem of simultaneity between the "violations" and "accidents" variables.
It should be mentioned that a vehicle is not necessarily authorized to circulate 365 days in 1998.
On average, a vehicle is authorized to circulate 88.5% of 1998. Depending on the size of the fleet, this percentage will vary between 86.7 and 93.9%. To obtain an annual statistic, we calculated the number of trucks in trucks-year, by adding the number of days each truck was authorized to circulate and then dividing by 365 days. The average frequency of total accidents per truck-year is 0.1592. This average increases as the size of the fleet increases, but decreases when the fleet contains more than 150 trucks.
Estimation of parameters
We used the maximum likelihood method to estimate the unknown parameters,
We used SAS/IML software to apply the optimization algorithm. The results for all size of fleets with 2 vehicles and more are presented in Table 1 in the Appendix. For this estimation, the vehicles of fleets with more than two trucks were divided into two risk groups, according to the average number of accidents per truck predicted by the negative binomial distribution model. For fleets with two vehicles, we used the exact model of Section 2.1.2. The variance-covariance matrix was estimated based on the SAS/NLFPDD subroutine. We used the 10% threshold (p lower than or equal to 0.10) to consider a statistical coefficient different from zero.
We note in Table 1 that the vehicles with more experience (number of years as carrier) have fewer accidents. The results also indicate that the factors explaining accidents include: the carrier's size and sector of activity; the type of use to which the vehicle was put; the type of fuel; the number of cylinders; and the number of axles. Vehicles with fleet violations (violations of trucking standards) in 1997 are more at risk for accidents in 1998 than those without these types of offenses. Moreover, vehicles whose drivers have accumulated demerit points for violations in 1997 represent higher risks for accidents in 1998 than those without such points. indicates that the parameters of the negative binomial are significant, which means that we can reject the Poisson distribution and apply a bonus-malus insurance rating model to these fleets. It is important to mention that we estimated seven parameters because these parameters are affected by fleet size. The 1 f − κ κ ν parameter is also significant at the 99% threshold. It is not affected by the fleet size. These results signal that both the vehicle and fleet effects can be used in calculating premiums.
In conclusion, the β coefficients will be very useful in estimating a priori risks when calculating insurance premiums, whereas coefficients and 1 f − κ ν will be useful in adjusting premiums to fit the past accident records of vehicles and fleets in the bonus-malus model.
BONUS-MALUS
OPTIMAL BONUS-MALUS SYSTEM
To construct an optimal bonus-malus system (Lemaire, 1985; Vanasse, 1989, 1992) based on the number of past accidents recorded for a truck as well as those observed for its fleet, we must calculate the premium for a truck of a given fleet at period t+1 using the following mathematical expectation relation: experience as measured by accidents accumulated over the preceding t periods. As we shall see, the modeling proposed will take into account both the accidents of vehicle i and those of its fleet f. These effects account for the unobservable factors which can affect the accidents of trucks and fleets: is the effect associated with fleet f and is the weight truck i in fleet f actually exerts on this fleet effect. Finally, gives the mathematical expectation of the two effects attributable to truck i not conditional on accidents. The last term is used to normalize the bonusmalus factor at 1 when the insurer has no experience with a particular vehicle.
The preceding equation comes from a Bayesian analysis of the evolution of accidents over time.
We are now going to show its explicit form under the hypotheses of statistical distribution for the two random effects. We know that the true mathematical expectation of the number of accidents for truck i of fleet f at period t+1 is equal to . It is a function of the vector for the observable characteristics of the vehicle up to period j and of the random factors for fleet and vehicle , which are supposed to be independent of time.
Given the observations obtained up to period t+1, the optimal estimator of this mathematical expectation at period t+1, can be calculated as follows:
We know that:
Now let's see how we can apply this Bayesian rating formula to carriers of different sizes.
Size-1 carrier
In this situation, the conditional accident probability for the fleet is given by:
Given past accidents observed up to period t, the mathematical expectation estimator of the number of accidents for the truck in fleet f at period t+1 is equal to:
Equation (12) is the formula used in the literature (Lemaire, 1985; Vanasse, 1989, 1992) for individual vehicles and does not have to account for the fleet effect since the fleet is the vehicle.
Carrier with 2 vehicles
We know that, given the past accidents observed up to period t and due to the values assigned to the random effects of the 2 trucks in fleet f, the a posteriori density function for corresponds to a gamma density with parameters:
Given the past accidents observed up to period t and due to the values assigned to the random effects of the 2 trucks in fleet f, the mathematical expectation of is equal to:
Given the past accidents observed up to period t for the two trucks of fleet f, the density function of is equal to:
where:
Given the past accidents observed up to period t for the two trucks of fleet f, the mathematical expectation estimator of the number of accidents for truck i in fleet f at period t+1 is thus equal to 2 i if 1 and
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It remains to calculate the expression:
By replacing by its value given in (15), we obtain that:
Calculating the integral, we obtain: Thus, the optimal estimator of vehicle i is equal to:
We note that for each vehicle i, the optimal estimator for accidents at period t+1 is a function of the following factors: the parameters observable when the insurance policy is being renewed at period t+1; the accidents accumulated by vehicle i over the preceding t periods; the total accidents of the fleet over the same periods; the observable characteristics of the two vehicles over the preceding t periods; and the gamma and Dirichlet parameters. We shall apply this formula to our data in section 4. But let's now see how it is possible to generalize this insurance rating formula to a fleet of I f vehicles.
Carrier with more than 2 vehicles
This section is divided into three subsections corresponding to the three approximation hypotheses for the multiple integral discussed in section 2.1.3.
All the for the I f vehicles are identical j fi γ In this situation, the conditional accident probability for the fleet is given by: 
The optimal estimator is thus equal to:
This formula compares rather well with the one presented in equation (12) 
Divide the vehicles into 2 groups
If we now have different vehicles, we can form groups with homogeneous characteristics or risks to obtain an explicit formula. In fact, insurers form more or less homogeneous risk classes by using different classification variables such as the type of car, the territory… Past experience serves to pinpoint the differences which are not observable a priori. If we limit ourselves to two groups, the conditional accident probability for the fleet is given by:
for the two groups respectively. The optimal estimator is thus equal to: 
F y ; y I ; y ;
where the indicative function: This formula is very difficult to generalize to more than two groups. If the fleet has several more or less homogeneous groups of vehicles, it may be more advantageous to rely on a Monte Carlo simulation approach.
Monte Carlo simulation approach
In the general case, the conditional accident probability for the fleet is given by:
, ,X e y 1
We also obtain that:
and ( )
4.
APPLICATION OF THE BONUS-MALUS SYSTEM
In this section, we propose premium tables over several years, representing extensions of those proposed in the literature on automobile insurance for individual vehicles. Given that we did not model the conditional distribution for the cost of claims, we suppose that the average cost of claims is $10,000, seemingly a reasonable value for accidents involving trucks in North America (Dionne, Laberge-Nadeau et al., 1999) . Table 1 showing that 1 2 ν = ν = ν , a truck has a bonusmalus factor (BMF) equal to:
FLEET OF 2 TRUCKS
y ;1 2 y ;1 2 y ;ˆŷ2 y BMFˆˆ2 y
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where the indicative function I is defined as before.
The estimated values of the parameters are equal to and 1 0.6404 − κ =ˆ2.2056 ν = (Table 1 ).
Let's take the column "No accident" for the fleet and the truck. We note that the premium for the truck decreases over time. The following column gives the variations in the premiums if the fleet does have an accident and depending on whether or not the truck has an accident. We note that the premium for the truck increases in comparison to the first column even if the truck did not have an accident, for it is penalized by the fleet effect. But the increase is less than the one corresponding to the case where it did incur an accident. 
FLEET OF SEVERAL TRUCKS
All vehicles in fleet have the same risk characteristics
In this situation, the insurance premium estimated for truck i belonging to carrier f is given by: Table 3 presents this example for a fleet of 10 identical trucks with ν = 2.2056 and = 6.4867 (see Table 1 ). Suppose that the carrier accumulates 2 accidents over the next period, with 6 trucks incurring no accident nor speeding violation; 2 trucks incurring no accident but one speeding f κ violation; 1 truck incurring an accident but no speeding violation; and 1 truck incurring an accident as well as a speeding violation. Still supposing that the average cost of claims is $10,000, the a priori insurance premium for a vehicle when no account is taken of past experience is established at $1,850 (0. 185 × 1 × $10,000). Since all the vehicles of the fleet are identical in terms of observable risk, they all have the same and a BMF equal to 1 at the start of the insurance contract. The total premium for the fleet is established at $18,500
(10×$1,850). In the following period (t+1), the insurance premiums for each of the records of the vehicles in the fleet are given in Table 3 . t fi 0.185 γ = Table 3: Table of 
We note that the BMF is higher for vehicles having had an accident than for those which did not.
We also notice that the a priori risk measurement Now, if the carrier has accumulated 3 past accidents and has 9 trucks with no accident and no speeding violation and 1 truck with 3 accidents but no speeding violation, the total premium is $24,776. The insurance premiums of the fleet for each of the experiences are given in Table 4 . The detailed calculation of the BMF for the accumulated 3 accidents is equal to: 10 0.1542 3 2.2056 3 BMF 2.782 10 2.2056 3 0.1542 0.185
We note that the premium for a vehicle with no accident nor speeding violation is $2,181 when it belongs to a fleet having accumulated 3 accidents and drops to $1,770 if it belongs to a fleet having accumulated 2 accidents, while retaining the same characteristics (Table 3 ). This result is explained by the fact that the BMFs of all the vehicles are affected by the fleet's accumulation of accidents. We also note that, when the vehicle comes from a fleet having accumulated 2 accidents, accumulating 3 accidents increases the insurance premium more ($5,147) than accumulating one accident and one speeding violation. ($4,507).
Dividing the vehicles into 2 groups
In this situation, the estimated insurance premium of a truck i belonging to a carrier f is given by (19) with
Suppose that the accidents accumulated by the carrier over the next period is 0, with 4 trucks belonging to group 1 (a priori expected number of accidents below or equal to 0.14345) and 6 trucks belonging to group 2 (a priori expected number of accidents above 0.14345). By supposing that the average cost of claims is $10,000, the insurance premiums for the history of each of the fleet's vehicles in the following period are given in Table 5 . 
and that for a truck belonging to group 2 is given by 
Now, if the fleet has accumulated 1 accident and if the vehicle involved in the accident belongs to group 2, the insurance premiums for the fleet's vehicles are given in Table 6 . 
That of a truck belonging to group 2 and not having had any accident is given by:
[ ] 
whereas that of a truck in group 2 having had 1 accident is equal to: 
In contrast, if the vehicle involved in the accident belongs to group 1, we obtain the values shown in Table 7 . 
and that of a truck in group 1 having had 1 accident is equal to:
Finally, the BMF for a truck belonging to group 2 is given by: Table 8 sums up all the cases (numbers not in parentheses). It should be denoted that the Monte Carlo computations of premiums are identical to those with the hypergeometric approximation when we assume that all trucks are identical inside the two groups. They correspond to the numbers in parenthesis in Table 8 . One advantage of Monte Carlo simulations is that we can consider all trucks as different in a given fleet. We now present results for ten different trucks using Monte Carlo simulations to make a posteriori computations. We still use the econometric results of Table 1 for a priori evaluations. The simulations are repeated 500,000 times; this takes about 10 minutes for a scenario like the ones presented in Table 9 in the Appendix, whereas the hypergeometric approximations are instantaneous. Table 9 presents the premium evolution over five years for three scenarios. The a priori expected number of accidents for these three scenarios is 0.192. Scenario 1 is for a fleet that accumulates many accidents over time. In the first column, we observe the ten different a priori values. In the third column, we have the corresponding starting premiums for the three scenarios which amount to a total premium of $19,206 for the fleet. Accumulating eighteen accidents over five years yields a total premium of $33,190 for the next period. In scenario 2, the fleet accumulates only five accidents over the five years and the total premium drops to $11,196. Finally, in scenario 3, the fleet has two accidents each year (its average), resulting in an almost constant premium over time.
In Figure 1 , we graphically represent the three scenarios with solid lines. The dotted lines correspond to the case where the fleet effect is not computed in both the regression and the premium computations (see the numbers in Table 10 in the Appendix). The differences are significant. Introducing the fleet effect increases the fluctuations in the premiums and should introduce more incentives for road safety.
( Figure 1 here) 
CONCLUSION
In this article, we have developed a parametric model for rating insurance premiums for fleets of vehicles. We have shown how taking into account both fleet and vehicle effects can affect the Bayesian calculation of insurance premiums over time. The model proposed was estimated using data over a single period. An important extension would be to model a panel effect which would take into account the repetitions of information on fleets and vehicles over time (see Abowd et al., 1999 , for a first analysis of this type of model).
The rating formula developed presupposes a decentralized management of road safety as regards carriers. In effect, charging different premiums for each of the vehicles in a fleet based on the experience of both the fleet and its trucks will prompt road-safety managers themselves to keep a close eye on road-safety policy and to set up institutional incentives motivating drivers and carriers to adopt prudent behaviors. Indeed, knowing which drivers and carriers are risky, these managers can then assign sliding premiums according to the risk levels of the different drivers and trucks.
A first version of the paper vas presented at the 2004 Risk Theory Seminar in New York City. 1 One * indicates that the truck had one accident during the previous period while two * is for two accidents during the previous period.
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